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Theory of exciton transport in molecular crystals strongly coupled to a cavity: A
temperature-dependent variational approach
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We present a semianalytical theory for exciton transport in organic molecular crystals interacting
strongly with a single cavity mode. Based on the Holstein-Tavis-Cummings model and the Kubo
formula, we derive an exciton mobility expression in the framework of a temperature-dependent
variational canonical transformation, which can cover a wide range of exciton-vibration coupling,
exciton-cavity coupling, and temperatures. A closed-form expression for the coherent part of the
total mobility is obtained in the zeroth order of the exciton-vibration coupling. By performing
numerical simulations on both the H- and J-aggregates, we find that the exciton-cavity has signif-
icant effects on the total mobility: 1) At low temperatures, there exists an optimal exciton-cavity
coupling strength for the H-aggregate at which a maximal mobility is reached, while the mobility
in the J-aggregate decreases monotonically with increasing exciton-cavity coupling; 2) At high tem-
peratures, the mobility in both types of aggregates get enhanced by the cavity. We illustrate the
above-mentioned low-temperature optimal mobility observed in the H-aggregate by using realistic
parameters at room temperature.
I. INTRODUCTION
Exciton diffusion in molecular materials is a funda-
mental process relevant to a variety of physical phe-
nomena, including organic semiconductors [1], solar cell
physics [2], and excitation energy transfer in natu-
ral/artificial light-harvesting systems [3, 4], etc. In par-
ticular, the exciton transport in molecular crystals has
been a long-studying topic dating back to the early the-
oretical investigations by Silbey and co-works in the
1970’s [5–10]. In contrast to conventional inorganic
crystals which can be described by band transport,
phononic/vibrational degrees of freedom have to be in-
cluded in the description of charge transport in organic
crystals. The transport properties in organic molecu-
lar crystals generally depend on a variety of factors, in-
cluding the electronic transfer integrals between the exci-
tons (or the electronic bandwidth), the electron-phonon
coupling strength, the characteristic frequency of the
phonons, and temperature, etc.
Typical theoretical investigations on the charge-carrier
transport in molecular crystals are usually based on the
famous Holstein Hamiltonian [11], and various theoreti-
cal methods were developed to treat the dynamics of the
Holstein model (see Refs. [1, 12] and references therein).
Among these, the (variational) polaron transformation
and its generalizations offers a promising approach to
deal with the problem at a broad range of parame-
ters [7, 8, 10, 14–17]. In particular, Cheng and Silbey
developed a finite-temperature variational approach by
combining Merrifield’s transformation with Bogoliubov’s
bound on the free energy of the composite system [15].
Based on the polaron transformation, Ortmann et al.
∗Electronic address: wun1985@gmail.com
presented a theoretical description of charge transport
in molecular crystals and derived a mobility expression
using the Kubo formula [16].
Recently, the demonstration of strong coupling be-
tween confined light fields and organic matter has stim-
ulated intensive interest in experimental/theoretical in-
vestigations of strong-coupling effects on charge-carrier
transport [18–28]. Although in the framework the
pure exciton model a dramatic enhancement of the
exciton-type transport in organic materials has been re-
vealed [18–20], it is recognized that intramolecular vi-
brational mode should be included to obtain a more re-
alistic description of the system [26–33]. The such ob-
tained composite system involving excitonic, phononic,
and photonic degrees of freedom is described by the so-
called Holstein-Tavis-Cummings model. In the frame-
work of the Holstein-Tavis-Cummings Hamiltonian, Wu
et al. [31] generalized the Cheng-Silbey [15] method to
include the vibrational dressing of the cavity mode in
the variational canonical transformation and provided a
successful description of the static properties of the sys-
tem. In special, a ground state involving all the excitonic,
photonic, and vibrational degrees of freedom was demon-
strated and named as a lower polaron polariton [31].
In this work, we present a microscopic theory of exci-
ton transport in molecular crystals strongly coupled to a
cavity by extending the formalism developed in Ref. [31]
to a time-dependent scenario. Based on the Holstein-
Tavis-Cummings Hamiltonian and the Kubo formula, we
derive an exciton mobility expression in the framework of
the temperature-dependent variational canonical trans-
formation [31] that can cover a wide range of exciton-
vibration and exciton-cavity couplings, as well as temper-
atures. Due to the appearance the cavity mode, the mo-
bility has three contributions, i.e., the conventional pure
exciton part, the pure cavity part, and the cross term
between the two. At low temperatures, it is found that
the mobility in an H-aggregate depends nonmonotoni-
2cally on the exciton-cavity coupling strength. That is,
there exists an optimal exciton-cavity coupling strength
at which the total mobility reaches a maximum. How-
ever, for the J-aggregate we observe a monotonic de-
crease of the total mobility with increasing exciton-cavity
coupling in the low temperature regime. These observa-
tions are explained by obtaining an analytical expression
for the coherent mobility (without vibration scattering),
from which we identify that the lower (upper) polaron
polariton state serves as a main transport channel for
exciton transport in the H-aggregate (J-aggregate). In
the opposite limit with high temperatures, the mobility
in both the two types of aggregates gets enhanced by the
exciton-cavity coupling.
The rest of the paper is structured as follows. In
Sec. II, we introduce the theoretical model and describe
the generalized Merrifield varitional transformation in
detail. In Sec. III, we derive the expressions for the
total mobility and its coherent part. In Sec. IV we
present numerical examples to illustrate the application
of our formalism to the exciton mobility in the H- and
J-aggregates. Conclusions are drawn in Sec. V.
II. MODEL AND METHODOLOGY
A. Hamiltonian
We consider a one-dimensional molecular aggregate
consisting of N monomers located in a single-mode cav-
ity, which is described by the Holstein-Tavis-Cummings
Hamiltonian (~ = 1) [26, 29–32]
H = Hmat +Hc +He−c,
Hmat = He +Hv +He−v,
He =
N∑
n=1
εa†nan + J
N∑
n=1
(a†nan+1 + a
†
n+1an),
Hv = ω0
∑
n
b†nbn, He−v = λω0
∑
n
a†nan(bn + b
†
n),
Hc = ωcc
†c, He−c = g
∑
n
(a†nc+ c
†an). (1)
The material part Hmat is the one-dimensional Hol-
stein model describing the molecular aggregate with in-
tramolecular vibrations, where J is the uniform nearest-
neighbor electronic coupling. The creation operator a†n
(b†n) creates an exciton (vibration) on site n with energy
ε (ω0). The linear exciton-vibration coupling is mea-
sured by the Huang-Rhys factor λ2. Note that Hmat
can be used to describe various organic systems including
molecular crystals and organic semiconductors [1, 10, 15],
J- and H-aggregates [34], and light-harvesting compldex
II [35, 36], etc. The single-mode cavity is described
by Hc, where c
† creates a photon with frequency ωc.
He−c represents the uniform [37] exciton-cavity interac-
tion with interaction strength g, where we employed the
rotating wave approximation so that the total number of
excitations
∑
n a
†
nan + c
†c is conserved. This is a good
approximation provided the ultrastrong-coupling regime
is not reached [26, 30, 31].
For simplicity, we assume periodic boundary condi-
tions and even N throughout this work. We will work in
the single-excitation subspace with
∑
n a
†
nan + c
†c = 1,
which allows us to truncate the number of cavity pho-
tons to be at most one. The creation operators under
the above single-excitation approximation can be writ-
ten as a†n = |n〉〈vac| and c† = |c〉〈vac| with |vac〉 the
common vacuum of all the annihilation operators. By
performing the following Fourier transform on the exci-
ton operator, an =
1√
N
∑
k e
ikndak, where k = −pi,−pi+
2pi/N, · · · , pi − 2pi/N and d = Rj+1 − Rj is the lattice
spacing with Rj the position of the jth monomer, the
pure exciton-photon Hamiltonian can be written in the
momentum space as
He +Hc +He−c
=
∑
k
(ε+ 2J cos k) + ωcc
†c+ g
√
N(a†0c+ c
†a0).
We see that only the bright exciton state with zero mo-
mentum, |k = 0〉 = a†0|vac〉, couples to the cavity field.
B. The generalized Merrifield transformation
To treat the exciton-vibration and exciton-cavity cou-
pling at finite temperatures on an equal footing, we will
employ a Merrifield transformation [15, 31] in which the
variational parameters are determined by minimizing the
Bogoliubov upper bound for the free energy. It has
proven that the Merrifield transformation could offer an
accurate description of both static [31] and dynamical
properties [33] for a wide range of exciton-vibration and
exciton-cavity coupling, and temperatures.
Following Ref. [31], we perform the following varia-
tional canonical transformation to H ,
H˜ = eSHe−S ,
S = −
∑
n
a†nanBn − c†cBc, (2)
where
Bn =
∑
l
fl(bn+l − b†n+l), Bc = h
∑
l
(bl − b†l ). (3)
are parameter-dependent vibrational operators. The
variational parameters {fl} and h can be chosen real [31]
and will be determined in a self-consistent way by min-
imizing the free energy of the transformed Hamiltonian
following Bogoliubov’s inequality [38],
F ≤ F0 + 〈H1〉H0 , (4)
where H = H0 + H1 is a generic Hamiltonian and F
and F0 are the respective free energies of H and H0, and
3〈H1〉H0 represents the thermal average of H1 over the
canonical ensemble defined by H0.
Physically, the coefficient fl (h) measures the degree
of dressing of the exciton at site n (the cavity photon)
by the vibrational mode on site n + l (on each site).
It is necessary to take the vibrational dressing of the
photon into account even if the cavity is not directly
coupled to the vibrations [31]. The usual full polaron
transformation in the context of the Holstein model cor-
responds to the case of fl = δl0λ and h = 0. By fur-
ther noting that the exciton-vibration system also holds
mirror symmetry, fl = fN−l, the number of indepen-
dent variational parameters is reduced to N2 + 1, i.e.,{f0, f1 = fN−1, ..., fN
2
−1 = fN
2
+1, fN
2
} for even N [15].
The transformed Hamiltonian H˜ can be separated in
a conventional way as
H˜ = H˜S + V˜ +Hv. (5)
Here, the system part reads
H˜S =
∑
k 6=0
Eka
†
kak + [E0a
†
0a0 + g˜
√
N(a†0c+ c
†a0) + ω˜cc†c],
(6)
where
Ek = ε0 + ω0
(∑
m
f2m − 2λf0
)
+ 2J˜ cos k (7)
is the renormalized exciton dispersion. The renormalized
parameters appearing in H˜S are given by
J˜ = JΘ1, g˜ = gΘ, ω˜c = ωc +Nh
2ω0, (8)
with
Θ = 〈eBc−Bn〉v = e− 12 coth
βω0
2
∑
l(fl−h)2 ,
Θ|n−n′| = 〈eBn−Bn′ 〉v = e−
1
2
coth
βω0
2
∑
l(fl−n−fl−n′)2 ,
(9)
where 〈...〉v = Trv{e−βHv ...}/Trv{e−βHv} (with β =
1/kBT the inverse temperature) is the thermal average
with respect to the vibrational modes. It can be seen
from Eqs. (8) and (9) that the presence of the exciton-
vibration decreases both the effective hopping integral
J and the exciton-cavity coupling g, but increases the
effective cavity frequency ωc.
The N − 1 dark states |k〉 = a†k|vac〉 (k 6= 0) are de-
coupled from the photon and are themselves eigenstates
of H˜S, but the interaction between the bright exciton
|k = 0〉 = a†0|vac〉 and the cavity mode leads to two
branches of eigenmodes that diagonalize H˜S,
H˜S =
∑
k 6=0
Eka
†
kak + EUa
†
UaU + EDa
†
DaD, (10)
where a†U = Ca
†
0 − Sc†, a†D = Sa†0 + Cc†, and
EU/D =
E0 + ω˜c
2
±
√
Ng˜2 +
(
E0 − ω˜c
2
)2
, (11)
with the mixing coefficients C = cos θ2 and S = sin
θ
2
determined by tan θ = 2g˜
√
N/(ω˜c − E0).
The explicit form of the residue interaction V˜ can be
found in Ref. [31]. By construction, the thermal average
of V˜ vanishes, 〈V˜ 〉v = 0. By setting H0 (H1) to be
H˜S + Hv (V˜ ) in (4), we are now ready to minimize the
Bogoliubov upper bound for the free energy of H˜:
FB = − 1
β
lnTre−β(H˜S+Hv) = − 1
β
lnZS − 1
β
lnZv, (12)
where ZS =
∑
η={k( 6=0),U,D} e
−βEη is the partition func-
tion for H˜S, and Zv is the partition function of the free
vibrational modes. Since Zv does not depend on the vari-
ational parameters, we only need to minimize − 1β lnZS
in Eq. (12), which results in the saddle-point conditions
{∂ZS/∂fn = 0} and ∂ZS/∂h = 0 that need to be solved
self-consistently (see Ref. [31] for the explicit forms of the
saddle-point equations). Note that the such obtained FB
gives an upper bound for the true free energy.
III. EXCITON MOBILITY
A. Basic formulas
The mobility along the molecular chain is given by the
Kubo formula [39]
µ =
β
2eNe
∫ ∞
−∞
dt〈J (t)J (0)〉H , (13)
where J (t) = eiHtJ e−iHt, e(Ne) is the elementary
charge (number) of carriers, and the average is defined
as the thermal average with respect to the full Hamil-
tonian H as 〈· · ·〉H = Tr(· · · e−βH)/Tr(e−βH). The cur-
rent operator is defined through the polarization operator
P = e
∑N
j=1 Rja
†
jaj as
J = dP
dt
= −i[P,H ] = Ja + Jc, (14)
with
Ja = iedJ
N∑
j=1
(a†jaj+1 − a†j+1aj),
Jc = −ieg
N∑
j=1
Rj(a
†
jc− c†aj). (15)
The two terms in Eq. (14) represent different contribu-
tions to the current operator: Ja corresponds to the usual
exciton hopping between nearest-neighboring sites, while
Jc accounts for the exchange between the excitonic and
the photonic excitations. Using Eq. (2), the current-
current correlation function can be reexpressed in the
4Merrifield frame as
〈J (t)J (0)〉H = 〈J˜ (t)J˜ (0)〉H˜
= 〈J˜a(t)J˜a(0)〉H˜ + 〈J˜a(t)J˜c(0)〉H˜
+〈J˜c(t)J˜a(0)〉H˜ + 〈J˜c(t)J˜c(0)〉H˜ . (16)
Here, the transformed current operators in the Merrifield
frame and in the Heisenberg picture read
J˜a(t) = eiH˜tJ˜ae−iH˜t
= iedJ
N∑
j=1
[a†j(t)aj+1(t)e
Bj+1(t)−Bj(t)
−eBj(t)−Bj+1(t)a†j+1(t)aj(t)], (17)
and
J˜c(t) = eiH˜tJ˜ce−iH˜t
= −ieg
N∑
j=1
Rj [a
†
j(t)c(t)e
Bc(t)−Bj(t)
−eBj(t)−Bc(t)c†(t)aj(t)]. (18)
The calculation of the Heisenberg picture operators ap-
pearing in the above equations seems challenging due to
the complicated form of H˜ . To proceed we have to re-
sort to approximations. To this end, we note that the
zeroth order energy ED of H˜S provides a good approxi-
mation for the true ground state energy of H˜ [31] at zero
temperature. We thus adopt the zero-order Hamiltonian
H˜ ≈ H˜0 = H˜S +Hv, (19)
in the calculation of the current operators. This zeroth-
order approximation is also employed in Ref. [16] to
study charge transport in organic crystals in the frame-
work the full polaron transformation. Under the ap-
proximation given by Eq. (19), the Heisenberg pic-
ture operators appearing in Eqs. (17) and (18) can
be calculated as Bj(t) =
∑
l fl(bj+le
−iω0t − b†j+leiω0t)
and Bc(t) = h
∑
l(ble
−iω0t − b†l eiω0t), and aj(t) =
1√
N
∑N+1
η=1 e
iKηj−iEηtxηfη and c(t) =
∑N+1
η=1 e
−iEηtyηfη,
where we introduced (for η = 1, 2, · · · , N + 1)
xη = {1, · · · , 1, C, S}, yη = {0, · · · , 0,−S,C}, Kη =
{k(6= 0), 0, 0}, Eη = {Ek( 6=0), EU, ED}, and fη =
{ak( 6=0), aU, aD}. In Appendix A, we list the explicit ex-
pressions for the four terms in the current-current corre-
lation function given by Eq. (16).
B. Coherent contribution
Following Ref. [16], we separate the contributions to
the mobility into a coherent part (without vibration scat-
tering) and an incoherent part (scattering processes by
the vibrations),
µ = µ(coh) + µ(inc), (20)
which is achieved by splitting the thermal averages of the
vibrational operators appearing in the current-current
function according to, e.g., 〈eBl(t)−Br(t)eBn−Bm〉Hv =
1 + [〈eBl(t)−Br(t)eBn−Bm〉Hv − 1], where the unit cor-
responds to coherent transport in the zeroth order of
exciton-vibration coupling and the second term corre-
sponds to incoherent transport [16]. In Appendix B we
show that only the first and the last term in the coherent
contribution to the current-current correlation function,
〈J˜a(t)J˜a(0)〉cohH˜ and 〈J˜c(t)J˜c(0)〉cohH˜ , survive and lead to
µ(coh) =
β
2eNe
∫ ∞
−∞
dte−(t/τ)
2
[〈J˜a(t)J˜a〉cohH˜0 + 〈J˜c(t)J˜c〉
coh
H˜0
]
=
√
piτβe(dJ)2
NeZS~2
N−1∑
η=1
e−βEη(1 − cos 2Kη) +
√
piτβe(dg)2N(N + 1)2
8NcZS~2
(e−βEU + e−βED)e−
1
4
τ2(EU−ED)2
+
√
piτβe(dg)2N
4NeZS~2
N−1∑
η=1
[S2(e−βEη + e−βEU)e−
1
4
τ2(Eη−EU)2 + C2(e−βEη + e−βED)e−
1
4
τ2(Eη−ED)2 ]
1
1− cosKηd ,
(21)
where we restored ~ and introduced a finite coherence
time τ due to the static disorder [16]. Note that the
last two terms proportional to g2 are due to the effect
of finite exciton-cavity coupling. The coherent mobility
µ(coh) mainly determines the low-temperature behavior
of the total mobility.
IV. NUMERICAL RESULTS
A. Coherent mobility
In order to demonstrate the effect of exciton-cavity
interaction, we first consider the coherent mobility for
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FIG. 1: (a) Renormalized exciton spectrum as a function of
temperature for N = 20 and g = 0. The bandwidth nar-
rows down as temperature increases. (b) Exciton dispersion
for different temperatures. Other parameters: ε0/ω0 = 11.8,
J/ω0 = 0.5, ωc/ω0 = 11, and λ = 0.7.
g = 0. In this case it can be seen from Eq. (21) that
µ
(coh)
g=0 is proportional to the truncation time τ and de-
pend heavily on the structure of the energy levels, {Eη},
µ
(coh)
g=0 =
√
piτβe(dJ)2
NeZS~2
∑
k
e−βEk(1 − cos 2k)
=
√
piτβe(dJ)2
Ne~2
(
1−
∑
k
e−βEk
ZS
cos 2k
)
.(22)
It is well known that the exciton-vibration coupling will
give rise to the so-called band narrowing with increasing
temperature, see Fig. 1 for the energy spectrum of an
H-aggregate with J/ω0 = 0.5. In the high-temperature
limit, µ
(coh)
g=0 tends to be inversely proportional to the tem-
perature,
µ
(coh)
g=0 →
√
piτe(dJ)2
NekBT
, as T →∞, (23)
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FIG. 2: Coherent mobility µ
(coh)
g=0 as a function of temperature
for various N and g = 0. The truncation time is chosen as
τω0 = 30, and the elementary charge e and carrier numberNe
are both set unit for simplicity. Other parameters: ε0/ω0 =
11.8, J/ω0 = 0.5, ωc/ω0 = 11, and λ = 0.7. The unit of the
mobility is µ0 = ed
2/~.
since Ek becomes dispersionless. This is illustrated in
Fig. 2, where µ
(coh)
g=0 (in unit of µ0 ≡ ed2/~) as a func-
tion of the dimensionless temperature 1/βω0 is shown
for different temperatures. Note that µ
(coh)
g=0 is a non-
monotonic function of T for short chains with N ≤ 10.
The suppression of the coherent mobility at low temper-
atures can be understood from the fact that the energy
gap between different energy levels is too large to provide
efficient transport channels due to the low thermal exci-
tations of excitonic states. Note that convergent results
are observed for N > 16.
We now turn to discuss the effects of finite exciton-
cavity interaction on the coherent mobility in both the
H-aggregate (J > 0) and J-aggregate (J < 0). It is
known that the absorption spectrum of an H-aggregate
(J-aggregate) exhibit blue (red) shift relative to the
monomer excitation energy in the absence of the exciton-
cavity coupling [40, 41]. Figure 3(a) shows the disper-
sions of a H- and J-aggregate with N = 16 number of
sites for a strong exciton-cavity coupling g
√
N/ω0 = 1
and at a temperature with 1/βω0 = 0.1. The uppermost
red (lowermost black) lines indicate the energy level of
the upper (lower) polaron polariton [31].
In Fig. 4(a) we present the reduced coherent mobility
µ(coh)/µ0 for an H-aggregate as a function of tempera-
ture in the presence of the exciton-cavity coupling. With
increasing exciton-cavity coupling, the coherent mobil-
ity first increases and then decreases after passing a
crossover cavity coupling around g
√
N/ω0 = 1. This
intriguing nonmonotonic behavior can be understood
by investigating the evolution of the spectrum of an H-
aggregate with g
√
N/ω0 [Fig. 3(b)]. It can be seen that
there is a intersection between the energy levels of the
lower polaron polariton and the lowest dark exciton state
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FIG. 3: (a) Dispersions of the H-aggregate (J/ω0 = 0.5, solid
curve) and J-aggregate (J/ω0 = −0.5, dashed curve) for a low
temperature 1/βω0 = 0.1 and strong cavity-exciton coupling
strength g
√
N/ω0 = 1. The straight lines correspond to the
upper (red) and lower (black) polaron polariton, respectively.
(b) Evolution of the energy levels with g
√
N/ω0 for an H-
aggregate with J/ω0 = 0.5 at a low temperature 1/βω0 =
0.1. Other parameters: N = 16, τω0 = 30, ε0/ω0 = 11.8,
ωc/ω0 = 11, and λ = 0.7.
|k = −pi〉 = a†−pi|vac〉 at g
√
N/ω0 ≈ 1, while the upper
polaron polariton level is always well separated from the
dark-exciton band. However, we see from the last term of
Eq. (21) that only those terms with Eη close to EU or ED
have significant contribution to the sum over η, indicating
that the lower polaron polariton state serves as a main
transmission channel for an H-aggregate. As g
√
N/ω0 in-
creases from a relatively small value, ED will experience
several intersections with the dark exciton levels having
decreasing energies, which lead to an enhancement in the
coherent mobility due the increasing of the thermal factor
e−βEη . After passing the last intersection with the lowest
dark exciton level, ED becomes separated from the dark
exciton band, resulting in a drop of the coherent mobility
with increasing g
√
N/ω0.
A similar analysis can also be applied to the case of
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FIG. 4: Coherent mobility of (a) an H-aggregate with J/ω0 =
0.5, (b) a J-aggregate with J/ω0 = −0.5 for various values of
g
√
N/ω0. Other parameters: N = 16, τω0 = 30, ε0/ω0 =
11.8, ωc/ω0 = 10.5, and λ = 0.7.
a J-aggregate. It turns out that ED is separated from
the dark exciton band and the upper polaron polariton
level is the main transfer channel. This explains the
monotonic decreasing of the coherent mobility for the
J-aggregates shown in Fig. 3(b). At high temperatures
all levels are approximately equally weighted, leading to
a coherent mobility insensitive to the exciton-cavity cou-
pling for both the H- and J-aggregate.
B. Total mobility
We now discuss the effect of exciton-cavity coupling
on the total mobility of the molecular aggregates. Fig-
ure 5(a) [(b)] shows the total mobility as a function of
temperature for the H-aggregate (J-aggregate). At low
temperatures, the evolution of the total mobility with in-
creasing g behaves similarly to that of the coherent mo-
bility since the vibrational effects is minor. Similar to the
case of vanishing exciton-cavity coupling [15, 16], a local
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FIG. 5: Total exciton mobility of (a) an H-aggregate with
J = /ω0 = 0.5, (b) a J-aggregate with J = /ω0 = −0.5
for various values of g
√
N/ω0. Other parameters: N = 16,
τω0 = 30, ε0/ω0 = 11.8, ωc/ω0 = 10.5, and λ = 0.7.
maximum is observed in the high-temperature regime,
which can be interpreted as the incoherent transport via
polaron hopping. Interestingly, for both the H- and J-
aggregate the total mobility exhibits a monotonic in-
crease with increasing g in the high temperature regime.
This might be due to the cavity-induced enhancement of
the vibrational dressing of the cavity mode (measured by
the parameter h) [31], which enters the thermal average
of the vibrational operators appearing in the correlations
〈J˜a(t)J˜c〉H˜ , 〈J˜c(t)J˜a〉H˜ , and 〈J˜c(t)J˜c〉H˜ .
Similar to the coherent mobility, at low temperatures
the total mobility also depend nonmonotonically on the
exciton-cavity coupling. To illustrate this, we show in
Fig. 6 the total mobility as a function of g
√
N/ω0 at
room temperature (T = 298 K) for an H-aggregate with
J/ω0 = 0.5. For each of the λ considered, there al-
ways exists an optimal exciton-cavity coupling strength
g = gopt at which the mobility reaches a maximum.
Moreover, both gopt and the corresponding optimal mo-
bility increase with increasing λ. To qualitatively un-
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FIG. 6: The total mobility of an H-aggregate as a function
of g
√
N/ω0 at temperature T = 298K and for λ = 0.2, 0.4,
and 0.6. Parameters: N = 16, J = 0.5ω0, ωc = 1.85 eV,
ε0 = 2 eV, and ω0 = 0.17 eV, and τ = 100 fs.
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FIG. 7: The solid curves show the dark exciton dispersion
for g
√
N/ω0 = 0.6 and λ = 0.2, 0.4, and 0.6. The three
dashed lines represent the lower polaron polariton level ED
for a fixed λ = 0.4 and g
√
N/ω0 = 0.52, 0.64, and 0.84.
Other parameters are the same as those in Fig. 6.
derstand these phenomena, let us look at the evolution
of the dispersion when λ and g are varied. From nu-
merical check we find that the energy levels of the dark
excitons are insensitive to the change of g for fixed λ
[see Fig. 3(b)], while the energy of the lower polaron po-
lariton ED is insensitive to the change of λ for fixed g.
We thus present in Fig. (7) the dark exciton dispersions
at a fixed exciton-cavity coupling g
√
N/ω0 = 0.6 and
for λ = 0.2, 0.4, and 0.6 (solid curves). We also plot
the lower polaron polariton level ED for a fixed λ = 0.4
and g
√
N/ω0 = 0.52, 0.64, and 0.84 (dashed lines), in
order to make the these energies consistent with the cor-
responding lowest dark exciton energies (with k = −pi).
It can be seen that the three values of g
√
N/ω0 roughly
8give the corresponding optimal exciton-cavity coupling
gopt shown in Fig. (6). Actually, the system lies in the
low temperature regime and the observed mobility can
qualitatively be captured by coherent mobility given by
Eq. (21). To understand the enhancement of the optimal
mobility with increasing λ, we first note from Eq. (21)
that the cavity contribution to the coherent mobility is
proportional to g2opt, which increases as λ increases. We
also note that the dark exciton band moves down as λ
increases, which results in a larger thermal occupation of
the lowest dark exciton state.
V. CONCLUSIONS
In this work, we present a microscopic theory for ex-
citon transport in organic molecular crystals interacting
with a single-mode cavity. Starting with the Holstein-
Tavis-Cummings model, we employ a generalized Merri-
field transformation developed in Ref. [31] to treat the
system and obtained an expression for the exciton mo-
bility based on the Kubo formula. As a generalization
of the Cheng-Silbey [15] method that deals with charge-
carrier transport in molecular crystals without a cavity,
our generalized variational canonical transformation not
only takes into account the dressing of an exciton by
neighboring vibrations, but also the vibrational dressing
of the cavity mode. The method is believed to be capable
of covering a wide range of parameters and temperatures.
Using the zeroth order of the exciton-vibration cou-
pling, we derive a closed-form expression for the coherent
contribution to the total mobility, which determines the
behavior of the total mobility at low temperatures. Using
the developed formalism, we perform numerical simula-
tions on both the one-dimensional H- and J-aggregates.
It is found that the exciton-cavity coupling can influence
the transport properties in a significant way. Specifically,
we find that for the H-aggregate there exists an optimal
exciton-cavity coupling strength at which the total mo-
bility is maximized, while for the J-aggregate the mo-
bility decreases monotonically with increasing exciton-
cavity coupling. However, an enhancement of the mobil-
ity is observed for both types of aggregates in the high
temperature limit.
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Appendix A: Calculation of current-current correlation function Eq. (16)
Using the approximated Hamiltonian H˜ ≈ H˜0, the term 〈J˜a(t)J˜a〉H˜ can be calculated as
〈J˜a(t)J˜a〉H˜ = −(edJ)2
∑
jj′
〈a†j(t)aj+1(t)a†j′aj′+1〉H˜S〈eBj+1(t)−Bj(t)eBj′+1−Bj′ 〉Hv
+(edJ)2
∑
jj′
〈a†j(t)aj+1(t)a†j′+1aj′ 〉H˜S〈eBj+1(t)−Bj(t)eBj′−Bj′+1〉Hv
+(edJ)2
∑
jj′
〈a†j+1(t)aj(t)a†j′aj′+1〉H˜S〈eBj(t)−Bj+1(t)eBj′+1−Bj′ 〉Hv
−(edJ)2
∑
jj′
〈a†j+1(t)aj(t)a†j′+1aj′ 〉H˜S〈eBj(t)−Bj+1(t)eBj′−Bj′+1〉Hv . (A1)
We thus need to calculate
〈a†r(t)al(t)a†man〉H˜S =
1
N2
∑
ηη′η′′η′′′
e−iKηr+iEηtxηeiKη′ l−iEη′ txη′e−iKη′′mxη′′eiKη′′′nxη′′′ 〈f †ηfη′f †η′′fη′′′〉H˜S , (A2)
where we used aj(t) =
1√
N
∑N+1
η=1 e
iKηj−iEηtxηfη and c(t) =
∑N+1
η=1 e
−iEηtyηfη. Recall that fηf
†
η′ = |vac〉〈η|η′〉〈vac| =
δηη′ |vac〉〈vac|, and f †ηfη′ = |η〉〈vac|vac〉〈η′| = |η〉〈η′|, so f †ηfη′f †η′′fη′′′ = |η〉〈η′|η′′〉〈η′′′| = δη′η′′ |η〉〈η′′′|, yielding
〈f †ηfη′f †η′′fη′′′ 〉H˜S =
1
ZS
δη′η′′TrS(e
−βH˜S |η〉〈η′′′|) = 1
ZS
δη′η′′
∑
χ
e−βEχ〈χ|η〉〈η′′′|χ〉 = e
−βEη
ZS
δη′η′′δηη′′′ . (A3)
Inserting Eq. (A3) into Eq. (A2), we have
〈a†r(t)al(t)a†man〉H˜S =
1
ZSN2
∑
η
e−βEηx2ηe
−iKη(r−n)+iEηt
∑
η′
x2η′e
iKη′ (l−m)−iEη′ t. (A4)
Another quantity we need to calculate is thermal average of the vibrational operators
〈eBl(t)−Br(t)eBn−Bm〉Hv = e−
1
2
Φω0 (0)
∑
s[(fs−l−fs−r)2+(fs−n−fs−m)2]e−Φω0(t)
∑
s[(fs−l−fs−r)(fs−n−fs−m)], (A5)
9where Φω0(t) = nω0e
iω0t + (1 + nω0)e
−iω0t with nω0 = 1/(e
βω0 − 1) the Bose-Einstein distribution function.
For thermal averages involving B⌋, we only need to replace the f by h in the above equation, e.g.,
〈eBc(t)−Br(t)eBn−Bm〉Hv = e−
1
2
Φω0 (0)
∑
s[(h−fs−r)2+(fs−n−fs−m)2]e−Φω0 (t)
∑
s[(h−fs−r)(fs−n−fs−m)]. (A6)
The cross term can be calculated as
〈J˜a(t)J˜c〉H˜ = e2dJg
∑
jj′
Rj′〈a†j(t)aj+1(t)a†j′c〉H˜S〈eBj+1(t)−Bj(t)eBc−Bj′ 〉H˜v
−e2dJg
∑
jj′
Rj′ 〈a†j(t)aj+1(t)c†aj′ 〉H˜S〈eBj+1(t)−Bj(t)eBj′−Bc〉H˜v
−e2dJg
∑
jj′
Rj′ 〈a†j+1(t)aj(t)a†j′c〉H˜S〈eBj(t)−Bj+1(t)eBc−Bj′ 〉H˜v
+e2dJg
∑
jj′
Rj′ 〈a†j+1(t)aj(t)c†aj′ 〉H˜S〈eBj(t)−Bj+1(t)eBj′−Bc〉H˜v . (A7)
The two types of the thermal averages of the exciton-photon operators are
〈a†r(t)al(t)a†mc〉H˜S =
1
ZSN
√
N
∑
η
e−βEηxηyηe−iKηr+iEηt
∑
η′
x2η′e
iKη′ (l−m)−iEη′ t,
〈a†r(t)al(t)c†an〉H˜S =
1
ZSN
√
N
∑
η
e−βEηx2ηe
−iKη(r−n)+iEηt
∑
η′
xη′yη′e
iKη′ l−iEη′ t. (A8)
Similarly,
〈J˜c(t)J˜a〉H˜ = e2dJg
∑
jj′
Rj〈a†j(t)c(t)a†j′aj′+1〉H˜S〈eBc(t)−Bj(t)eBj′+1−Bj′ 〉H˜v
−e2dJg
∑
jj′
Rj〈a†j(t)c(t)a†j′+1aj′〉H˜S〈eBc(t)−Bj(t)eBj′−Bj′+1〉H˜v
−e2dJg
∑
jj′
Rj〈c†(t)aj(t)a†j′aj′+1〉H˜S 〈eBj(t)−Bc(t)eBj′+1−Bj′ 〉H˜v
+e2dJg
∑
jj′
Rj〈c†(t)aj(t)a†j′+1aj′〉H˜S 〈eBj(t)−Bc(t)eBj′−Bj′+1〉H˜v , (A9)
with
〈c†(t)al(t)a†man〉H˜S =
1
ZSN
√
N
∑
η
e−βEηxηyηeiKηn+iEηt
∑
η′
x2η′e
iKη′ (l−m)−iEη′ t,
〈a†r(t)c(t)a†man〉H˜S =
1
ZSN
√
N
∑
η
e−βEηx2ηe
−iKη(r−n)+iEηt
∑
η′
xη′yη′e
−iKη′m−iEη′ t. (A10)
The last term can be calculated as
〈J˜c(t)J˜c〉H˜ = −(eg)2
N∑
j=1
N∑
j′=1
〈RjRj′ [a†j(t)c(t)eBc(t)−Bj(t) − eBj(t)−Bc(t)c†(t)aj(t)][a†j′ceBc−Bj′ − eBj′−Bcc†aj′ ]〉H˜
= −(eg)2
∑
jj′
RjRj′〈a†j(t)c(t)a†j′c〉H˜S〈eBc(t)−Bj(t)eBc−Bj′ 〉Hv
+(eg)2
∑
jj′
RjRj′〈a†j(t)c(t)c†aj′〉H˜S〈eBc(t)−Bj(t)eBj′−Bc〉Hv
+(eg)2
∑
jj′
RjRj′〈c†(t)aj(t)a†j′c〉H˜S〈eBj(t)−Bc(t)eBc−Bj′ 〉Hv
−(eg)2
∑
jj′
RjRj′〈c†(t)aj(t)c†aj′ 〉H˜S〈eBj(t)−Bc(t)eBj′−Bc〉Hv , (A11)
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where
〈a†r(t)c(t)a†mc〉H˜S =
1
ZSN
∑
η
e−βEηxηyηe−iKηr+iEηt
∑
η′
xη′yη′e
−iKη′m−iEη′ t,
〈a†r(t)c(t)c†an〉H˜S =
1
ZSN
∑
η
e−βEηx2ηe
−iKη(r−n)+iEηt
∑
η′
y2η′e
−iEη′ t,
〈c†(t)al(t)a†mc〉H˜S =
1
ZSN
∑
η
e−βEηy2ηe
iEηt
∑
η′
x2η′e
iKη′ (l−m)−iEη′ t,
〈c†(t)al(t)c†an〉H˜S =
1
ZSN
∑
η
e−βEηxηyηeiKηn+iEηt
∑
η′
xη′yη′e
iKη′ l−iEη′ t. (A12)
Appendix B: Calculation of the coherent mobility µ(coh)
We derive the explicit expression for the coherent contribution to the mobility, which is obtained by setting all
thermal averages of the vibrational operator in Appendix A to be 1. The four terms are:
1)
〈J˜a(t)J˜a〉(coh)H˜ = −(edJ)
2
∑
jj′
[〈a†j(t)aj+1(t)a†j′aj′+1 − 〈a†j(t)aj+1(t)a†j′+1aj′〉H˜S
−〈a†j+1(t)aj(t)a†j′aj′+1〉H˜S + 〈a
†
j+1(t)aj(t)a
†
j′+1aj′ 〉H˜S ]
= −(edJ)2 1
ZS
N−1∑
η=1
e−βEη2(cos 2Kη − 1) (B1)
2)
〈J˜a(t)J˜c〉(coh)H˜ = e
2dJg
∑
jj′
Rj′ [〈a†j(t)aj+1(t)a†j′c〉H˜S − 〈a
†
j(t)aj+1(t)c
†aj′〉H˜S
−〈a†j+1(t)aj(t)a†j′c〉H˜S + 〈a
†
j+1(t)aj(t)c
†aj′ 〉H˜S ]
= e2dJg
∑
j′
Rj′
1
ZS
√
N
∑
η,η′=N,N+1
e−βEηei(Eη−Eη′)t(xηyηx2η′ − xηyηx2η′ − x2ηxη′yη′ + x2ηxη′yη′)
= 0. (B2)
One can similarly show that 〈J˜a(t)J˜c〉(coh)H˜ = 0.
3)
〈J˜c(t)J˜c〉H˜ = −(eg)2
∑
jj′
RjRj′ [〈a†j(t)c(t)a†j′c〉H˜S − 〈a
†
j(t)c(t)c
†aj′ 〉H˜S − 〈c†(t)aj(t)a
†
j′c〉H˜S + 〈c†(t)aj(t)c†aj′〉H˜S ]
= −(eg)2
∑
jj′
RjRj′
1
ZSN
∑
ηη′
e−βEηei(Eη−Eη′ )t
[xηyηe
−iKηjxη′yη′e−iKη′ j
′ − x2ηe−iKη(j−j
′)y2η′ − y2ηx2η′e−iKη′(j−j
′) + xηyηe
iKηj
′
xη′yη′e
iKη′ j ]
= (eg)2
1
ZSN
[e−βEUei(EU−ED)t + e−βEDei(ED−EU)t]
∑
jj′
RjRj′
+(eg)2
S2
ZSN
N−1∑
η=1
[e−βEηei(Eη−EU)t + e−βEUe−i(Eη−EU)t]
∑
jj′
RjRj′e
−iKη(j−j′)
+(eg)2
C2
ZSN
N−1∑
η=1
[e−βEηei(Eη−ED)t + e−βEDe−i(Eη−ED)t]
∑
jj′
RjRj′e
−iKη(j−j′). (B3)
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By using Rj = jd, we have
N∑
j=1
Rj = d
N∑
j=1
j = d
N(N + 1)
2
,
N∑
j=1
Rje
−iKηj = d
N∑
j=1
je−iKη(jd) = d
e−iKηdN [N − (N + 1)eidKη + ei(1+N)Kηd]
(eidKη − 1)2 = dN
1
1− eidKη , (B4)
so that
∑
jj′
RjRj′ = d
2N
2(N + 1)2
4
,
∑
jj′
RjRj′e
−iKη(j−j′) = d2N2
1
(1 − eidKη)(1− e−idKη) = d
2N2
1
2(1− cosKηd) (B5)
giving
〈J˜c(t)J˜c〉H˜ = (edg)2
N(N + 1)2
4ZS
[e−βEUei(EU−ED)t + e−βEDei(ED−EU)t]
+(edg)2
NS2
2ZS
N−1∑
η=1
[e−βEηei(Eη−EU)t + e−βEUe−i(Eη−EU)t]
1
1− cosKηd
+(edg)2
NC2
2ZS
N−1∑
η=1
[e−βEηei(Eη−ED)t + e−βEDe−i(Eη−ED)t]
1
1− cosKηd . (B6)
In all, we have
µ(coh) =
β
2eNe
∫ ∞
−∞
dt[〈J˜a(t)J˜a〉cohH˜ + 〈J˜c(t)J˜c〉cohH˜ ]
=
βe(dJ)2
NeZS
∫ ∞
−∞
dt
N−1∑
η=1
e−βEη(1 − cos 2Kη)
+
βe(dg)2N(N + 1)2
8NeZS
∫ ∞
−∞
dt[e−βEUei(EU−ED)t + e−βEDei(ED−EU)t]
+
βe(dg)2NS2
4NeZS
∫ ∞
−∞
dt
N−1∑
η=1
[e−βEηei(Eη−EU)t + e−βEUe−i(Eη−EU)t]
1
1− cosKηd
+
βe(dg)2NC2
4NeZS
∫ ∞
−∞
dt
N−1∑
η=1
[e−βEηei(Eη−ED)t + e−βEDe−i(Eη−ED)t]
1
1− cosKηd . (B7)
By introducing a limiting scattering time from static disorder in terms of∫
dt→
∫
dte−(t/τ)
2
, (B8)
where τ measures the coherence time, we arrive at
µ(coh) =
β
2eNe
∫ ∞
−∞
dt[〈J˜a(t)J˜a〉cohH˜ + 〈J˜c(t)J˜c〉cohH˜ ]
=
√
piτβe(dJ)2
NeZS
N−1∑
η=1
e−βEη(1− cos 2Kη)
+
√
piτβe(dg)2N(N + 1)2
8NeZS
(e−βEU + e−βED)e−
1
4
τ2(EU−ED)2
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+
√
piτβe(dg)2NS2
4NeZS
N−1∑
η=1
(e−βEη + e−βEU)e−
1
4
τ2(Eη−EU)2 1
1− cosKηd
+
√
piτβe(dg)2NC2
4NeZS
N−1∑
η=1
(e−βEη + e−βED)e−
1
4
τ2(Eη−ED)2 1
1− cosKηd . (B9)
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